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Abstract 

We consider theories of M = 2 supergravity with Fayet-Iliopoulos gauging and describe a 
procedure to obtain non-BPS extremal black hole solutions in asymptotically AdS4 space, 
in a fully symplectic covariant framework. 

By considering both electric as well as magnetic gauging, we are able to find new extremal 
purely magnetic and dyonic solutions. We consistently impose the Dirac quantization con- 
dition as a constraint on the black hole and gravitinos charges. This additional requirement 
allows to parametrize the black hole entropy in terms of an integer and of the entropy of the 
corresponding black hole in the ungauged model. 

We also find the nonextremal generalization of the dyonic solution and we compute 
the product of the areas. For all the configurations with asymptotic supersymmetry we 
furthermore compute the mass. 
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1 Introduction and Outlook 

There has been lately some effort in characterizing AdS black hole solutions in gauged 
supergravity. These solutions, BPS and non-BPS, are in general less known than their 
cousins in ungauged supergravity. 

Although black holes in gauged supergravities have been known for a long time [U [2j [3j HJ 
EJEJE], a U supersymmetric solutions in these theories were thought to have vanishing horizon. 
Given the lack of a regular extremal configurations, properties such as the entropy-area law 
have not been extensively studied, and no further investigations on the zero temperature 
configurations have been carried out. Only recently, in fact, it has been shown that it 
is possible to have genuinely finite horizon black holes if one reduces the supersymmetry 
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preserved by the solution to be 1/4 of the original vacuum [8j [9j [10] . This now opens the 
possibility of getting important insights on the physics of black holes in gauged supergravity, 
such as the microstate structure of the entropy of extremal black holes. 

In the BPS sector, one can construct dyonic black holes with spherical horizon (finite 
nonzero area of the event horizon) . They can be deformed to nonextremal ones [TTJ [12] , in 
order to have thermal states, which are useful for applications of AdS/CFT to condensed 
matter systems. Moreover, these finite temperature black holes provide another playground 
where to test the conjecture of [I3J dH dS] concerning the product of the inner and outer 
areas of the horizons. Indeed, for all the non-extremal cases considered so far, such product 
does not depend on the mass of the configuration, but only on the quantized charges. 

Many Supergravity models can be regarded as low energy limit of String or M-theory, 
and, in these cases, black holes solutions correspond to configurations of fluxes and branes. 
In particular, gauged supergravities are obtained upon suitable compactifications with fluxes, 
that source a potential in the low energy theory. Given the importance of fluxes in addressing 
the issue of moduli stabilization, it is crucial to study the attractor mechanism in gauged 
supergravity, that might destabilize the string theory vacuum. The supersymmetric solutions 
are subject indeed to a "double attractor" condition, meaning that supersymmetry fixes the 
value of the scalars both at asymptotic infinity and at the horizon, and can be in conflict 
with the minimization of the potential generated by the flux compactification. 

In ungauged supergravity, in addition to supersymmetric configurations, there exists 
extremal solutions which break all supersymmetry, and nonetheless obey a first order flow. 
The main aim of this paper is to present a way to get extremal but non-BPS solutions 
starting from BPS ones. The procedure is based on the one already studied in the ungauged 
case [17] , and consist in a symplectic rotation of the charges of the BPS configuration. This 
procedure enlarges the zoo of solutions at our disposal providing new examples of genuine 
extremal black holes. They are required to satisfy a Dirac quantization condition due to the 
fact that, in the presence of gauging, the gravitinos are charged: 



In the supersymmetric case, this condition is automatically satisfied and supersymmetry 
picks out just the values ±1. As we will see, for the non-BPS configurations we have to 
impose by hand the Dirac quantization condition. This provides us with a tower of extremal 
black holes for any integer n. 

We apply this solution generating technique to the solutions found in [5] and [TU] , namely 
for dyonic and purely magnetic black holes in presence of mixed and electric gaugings, re- 
spectively. They are actually equivalent configurations, since the frames in which they are 



9aP A ~ 9 A Qa = n 



nez. 
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constructed can be transformed one into the other by a symplectic transformation, followed 
by a holomorphic coordinate redefinition. We then deform the dyonic solution to a nonex- 
tremal one, generating a new thermal black hole that is regular in the extremal limit. For 
this new solution, the product of the areas is also verified to be independent of the mass. 

All these extremal and nonextremal configurations provide a new piece of information 
about the spectra of the solutions in gauged supergravity, and at the same time raise a lot of 
challenging questions, related, e.g., to the thermodynamical aspects of stability for non-BPS 
solutions. Some subtleties appear when one tries to compute the mass of these solutions. 
In fact, the procedure described in [18] and [19] requires that the configuration preserves 
some supersymmetry at least asymptotically, and for the non-BPS solutions presented here 
this is not the case. Finally, given also recent developments [20], it would be important to 
investigate further the relation between black holes in ungauged and gauged supergravity, 
and to study which properties of the former generalizes to the latter case. 

Note added: During the write-up of our work, the paper arXiv: 121 1.1618 by D. Klemm 
and O. Vaughan appeared [25]. Their work present some overlap with our analysis for what 
concerns the technique for generating extremal non supersymmetric black holes. 

2 non-BPS rotation trick 

It has been shown long ago [IT] that, for ungauged supergravity theories, it is possible to 
obtain extremal black holes solutions by a suitable symplectic rotation of the charges of 
a BPS configuration, and thus derive a fake superpotential that drives the first order non 
supersymmetric flow. In particular, some non-BPS black holes can be derived by simply 
flipping some signs of the charges of the BPS solution. 

We are going to show that the same conceptual idea also works for N = 2 Supergravity 
with [/(l)-gauging. This turns out to be particularily straightforward, since the only addi- 
tional contribution to the Lagrangian is the gauging potential V g . To make the derivation 
and the references clearer, we first review the mechanism that leads to the BPS squaring of 
the action, starting from the one dimensional effective action derived in [9]. 

2.1 The original BPS squaring of the action 

We consider models of N = 2 Supergravity, in presence of electric and magnetic gauging 
Q = (g A ,gA), along the lines of [9]. In the same paper, the first order equations of motions 
were derived for extremal supersymmetric configurations, by "completing the square" of the 
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terms in the effective one dimensional action. Let us review how the BPS squaring works 
for this theory. We refer to [9] for notations and conventions. 

The appropriate metric ansatz that captures static black holes solutions, interpolating 
between asymptotic AdS± space and near horizon AdS2 x S 2 geometry, contains two warp 
factors. We parametrize it as 

ds * = _ e 2U(r) dt 2 + e -2U(r)( dr 2 + ^(r)^ (2 -Q 

Upon this ansatz, the action (up to integration by part) reduces to the form 

S ld = Jdr {e 2 ^ [U' 2 - r + g^'z* + e w -^V BH + e~ 2U V 9 ] - 1} 

+ J dr^ [e^W - U')] . (2.2) 

= Jdr£$ +jdr±[e^W-U>)] , 

the boundary contribution is exactly canceled by the Gibbons-Hawking boundary term. 
It is possible to rewrite (12. 2p as the sum of square [9] 

S ld = Jdr {-^ U -^S T MS - e 2 ^ [(a' + A r ) + 2e~ u Re(e~ ia C)f 

-e 2 ^ [tf - 2e~ u lm(e- ia C)] 2 - (1 + (Q, Q)) (2.3) 

-2^- [e 2 ^~ u lm(e- ia C) + e u Re(e~ ia Z)] j , 

by introducing the symplectic vector 

S T = 2e 2 ^ (e- u lm(e- ia V))' T - e^-^OVT 1 + Ae~ u {a' + A r )Re(e~ ia V) T + Q T . (2.4) 

Equations of motions are simply obtained by setting to zero the quantities that appear in 
each squared term. 

2.2 Rotation of charges: towards non-BPS solutions 

The equations of motions obtained in the previous subsections were shown to be equivalent 
to those obtained by the supersymmetry variations the fermionic fields on the black hole 
solution[9]. However, the procedure of squaring the action (12.21) is not unique. 

Consider, in fact, a symplectic rotation acting on the Black Hole charges, given by a 
constant matrix S, such that 

Q = ( p A , qA ) -> Q = SQ , S T QS = fi , S T MS = M , (2.5) 
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and re-do the computation above, introducing a fake central charge 



Z=(Q,V). (2.6) 
The Id effective action (12.21) can be also squared as 

S ld = J dr{-^e 2( - u -^E T M£-e^ [(a' + A r ) + 2e~ u Re(e~ ia C)] 2 

-e 2 ^ [t/j' - 2e~ u lm(e- ia C)] 2 - (l + (Q, Q)\ (2.7) 

-2%- \e^- u lm(e- ia C) + e u Rde~ ia Z) 
ar L 

where now 

£ T = 2e 2 ^ (e- u lm(e- ia V))' T - e 2 ^G T VM- 1 + Ae~ u {a' + A)Re{e~ ia V) T + Q T . 

(2.8) 

The first order equations for the non-BPS flow are then 

£ = , 

■ft = 2e~ u lm(e- ia C) , 
{a' + A r ) = -2e~ u Re{e~ ia C) , (2.9) 

supplemented by the constraint 

1 + (G,Q) = -1 , (2.10) 

and describe (possibly extremal) non-BPS black hole solutions. In fact, the black hole charges 
entering the definition of the gauge field curvatures, are given by the vector Q, while the 
charges in the flow equations are Q and therefore the susy equations (containing Q) differ 
from the flow equations. The flow equations for the scalar fields, the warp factor U and 
the constraint on the charges are affected by the symplectic rotation, while the equation 
of the warp factor ip remains the same as in the BPS case. Also the phase a satisfies an 
unchanged equation, but we recall that this phase is not an additional degree of freedom and 
its equation is implied by the others. 

The symplectic rotation is possible whenever a non-trivial matrix satisfying f)2.5p exists. 
Let us notice that, analogously to the ungauged case, the choice S = — 1 gives the second 
branch of the BPS equations, obtained by a different choice of the phases for Killing spinor 
projectors. We refer to Appendix |A] for a more detailed discussion. 
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It is easy to find a matrix S for the STU model with zero axions and all the moduli 
identified. Indeed, in the case of the cubic stu prepotential 



X l X 2 X 3 
F = 

if we identify all the moduli and look for the zero axions solutions 

s = t = u = —iX , 
the most general matrix satisfying (I2.5P is 



(2.1i; 



(2.12) 



(a 

A 3x3 




\0 

with A 3x3 a 3x3 matrix. 



3 The t 3 model 



\ 




a 
A 3x3 J 



a = ±1 



.4 



3x3 — ^3x3 ; 



(2.13) 



Regular black holes solutions in J\f = 2 [/(l)-gauged Supergravity can be at most 1/4-BPS, 
and have been derived in [SJ EJ HU]. We are going to consider the t 3 model described by a 
cubic prepotential. We derive a non-BPS solution by applying the rotation explained above 
to the supersymmetric configuration of charges (p°,qi) and gauging (gojg 1 ). 



3.1 1/4-BPS black hole solution for the t 3 model 

Let us consider the prepotential 



X° 



(3.r 



which, by the choice of projective coordinates t = X 1 /X°, becomes F = t 3 . The symplectic 
sections are 



V= (L A ,M A ) 



(V,V) = -i 



where 



L K = e K > 2 

The Kahler potential is /C = — log(8A 3 ), which requires A > 0. 



(3.2) 



(3.3) 
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3.1.1 The electric dyonic configuration 

We write the complex scalar field as t = x — iX, and we consider a solution with no axions 
x = 0, which is consistent with the choice of black hole and gauge charges Q = (p°,qi), 
Q = (f? 1 , S'o)- The symplectic sections for our configuration are 

M, 'f-^ ( ,3,) 



The symplectic matrix is 



and the matrix M. is 



M = ( 1 X A , (3.6) 
the central black hole and gauge charge are 

Knowing these central charges we can easily compute the phase a from 

and thus a = ±ir/2. The requirement of asymptotic AdS^ space is -Dj£|oo = 0, which fixes 
the value of the scalar at infinity to be 

Xoo = M- (3.10) 



3.1.2 Equations of motion 

The BPS equations relative to this configuration are 

2e 2 ^ (e-^ReV)' + e 2 ^~ u ^MG + Q = , 

(e^)' = 2e^~ u ReC . (3.11) 
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Explicitely, one has 








QMg = 

so if we define four positive functions 



H° = L°e~ u 



we can rewrite (13. lip as 

W d r H° + 4g (H°y \_f 
{sdrH.-ng^H^J { 








(3.12) 



Hi 



(3.13) 



-Qi 



i;' = 2(g H° + 3g l H 1 ] 



(3.14) 



Notice that we have 



-2U 



%y/H^{H 1 f 



A 



Hi 
H° 



Following the assumptions of [5] we make the following ansatz 

H° = e-^(a°r + /3°) , H x = e^our + ft) , ^ = log(ar 2 + c) 



(3.15) 



(3.16) 



we look for — c = r\, so that i[) = log(ar 2 — rj[). The equations (I3.14p now become algebraic 
equations 



P 



«°r 2 -4^o(/9 



a 



a 

6 -^rl + Ag 1 ^) 2 a, = ^ 



(3.17) 



go? + 3g 1 f3 l = , 
that have to be supplemented by 

(G,Q}=goP°-9 1 qi = -l ■ (3.18) 
We take a — 1; from (13.171) e (13.181) we are left then with the system of 4 equations 

^o(/3°) 2 f = -^ + 8 ^W 

-1 (3.19) 



V 



_ r h 



2go 

= g P° + 2,g 1 ^ 



9oP° - g 1 qi 
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and 7 unknowns {qi,p°, g 1 , g°, 0i, (3°, r h }; we choose to parametrize the solution with qi,g x 
and g°. Moreover, we see that if we define the hatted quantities 

gi = gi-^ P =P°-g h = Pi- 9 1 0° = P° ■ go , (3.20) 
and choose g° > 0, g 1 > 0, the equations become simply 

P° = f - 80°f | = -y + 8(/3i) 2 

= P° + 3/3! P°-qi = -1 (3.21) 

We parametrize the solution of these system with q~\; we then have 



p u = gi - 1 /?! = -- v - - /3 U = -VI - 4gi/3 r h = (3.22) 

in fact one can show that a regular solution with all positive gauge charges cannot have 
0x > 0. We also have to check that the functions in (13 .131) are well defined, in particular 
that they are positive throughout the flow; this imply, given fi\ < 0, that > — 2$± which 
results in 

qi < 9 i<0 U p°<0. (3.23) 

To summarize, we have a black hole solution whose scalars and metric warp factors are 
parametrized by the functions in (I3.13[ 13 . 1 6j) . with a , given in (I3.17P and 



o 9 Qi ~ 1 a V 1 ~ 4 9 1 Qi/3 o 3 r — — — y/l -Ag 1 q 1 

P = P = — 51 P = I^V 1 ~ A 9 ^i/S r h = 

go Sg 1 8g° 2 

(3.24) 

we are left with the freedom to choose qi < 0, g° > and g > 0. The scalar is 



A-A/^ = A 0o J 2r + Vi _ 4gia/3 , (3.25) 



and, at the horizon, it takes the value 



. Aoo / -1 + 2 gV + y/1 - 16 g 9l /3 + 48 gggggg 
V2 V 1 - y ?i 

The asymptotically AdS^ metric, solution of the STU-mode\ in £7(l)-gauged Af = 2 super- 
gravity with AcLS2 x S 2 horizon is 

= _ e 2U dt 2 + e -2U dr 2 + e -2U + 2Tl>( d0 2 + silld 2 d ^ ? (337) 



9 



where the warp factors are 



e 2VM = l r 2 _ r 2^2 



hJ ' 



2u _ y \y ) v ~ 1 h 



2^Wf(r" - r 2 ^ 2 



/ \ 3/2 / n 1/2 

(^-±^1-4^/3) (r + §^1-4^^/3 



2 



, \ 3/2 / x 1/2 

r- ^ + 2^/3] ^ + 3^2 + 2^^/3] 



(3.28) 



where we recall that, by definitions of if's, e 2C/ ^ r ^ = &\JHqHI. The entropy is given by the 
warp factor e 2A \ h = e mr h )-2U(r h ) = 5? 



^= (r h - ^ + 2yi ft / 3 ) (r, + 3 V / r 2 + 2, lgi / 3 ) ^ = 

= — -L= " V<?i - a/1 " 45^1/3) ^ V 9l + 3^1 - V 9l /3 . 

(3.29) 

3.2 The non-BPS t 3 configuration 

We can now exploit the trick derived in Sec. |2] to derive the non-BPS solution from the 
dyonic supersymmetric one. In particular, we present here the case where the matrix S 

satisfying ( 12. 5 p is S - 



-1 



With reference to notations and results derived in the previous subsection, the rotated 
equations of motion are now 

^(J£+^0 -(=*)■ **» 

The charges further satisfy the constraint 

(Q, Q) = 9oP° - 9% = -1 9oP° + g\i = -1 • (3.31) 

We restrict to the zero axions case: t = —iX. We still consider a flow that starts at asymptotic 
infinity from the supersymmetric AdS$ space, where the scalar has the value 



Aoo = W — [ ■ (3.32) 
V 9 

The solution is then given in terms of the following ansatz 

H° = e-^(a°r + /3°) , H x = e^[a x r + ft) , ^ = log(r 2 - r 2 ) , (3.33) 
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by the choice of parameters 



9o Sg 1 8g° 2 

where q\ < 0, go > and g 1 > 0. This means that, in terms of the black hole charges, the 
non-BPS extremal solution is given by 



P = 0i = -- /3 U = — Vl + 4^ 1 gi/3 r h = 



9o Sg 1 8g 

Here we have the freedom to choose qi > 0, go > and g 1 > 0. 
The field profile is given by 



2r-yi + 4 fl W3 (3 34) 

the metric solution with spherical horizon and non supersymmetric first order flow is 

ds 2 = _ e 2U dt 2 + e -2U dr 2 + e -2U + 2^^ 9 2 + sin0 2 ^ ^ (3 35) 

with warp factors 

2VM _ ( r 2 _ r 2^2 



e r w = (r — r 

„2C7 



/ , \ 3/2 / \ 1/2 

(r-i v /l + 4^g 1 /3j (r + f^l + 4^ 9l /3 



/ , \3/2 / \ 1/2 

(r- -2^ gi /3j ^ + 3^-2^1^/3] 



(3.36) 



where we recall that, by definitions of if's, e 2C7 ^ r ^ = 8^yH Hf. The entropy is given by the 
warp factor e 2A \ h = e ^ h )-2U(.r h ) ? 



e 2A(r h ) 



(a/1 + 4^V - + W) VV 1 + 4^^ + 3^1 + 4^/3 • 

(3.37) 
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3.2.1 Dirac quantization condition 

For a globally consistent interacting theory the gravitinos and black hole charges have to 
satisfy the Dirac quantization condition. This requirement arises from the fact that, in the 
abelian M = 2 gauged supergravity model taken into consideration, the FI parameters g\ 
and g A are respectively the electric and magnetic charges of the gravitinos [21] jlO] . 

The BPS solutions have been found to obey a Dirac-quantization like constraint (h = 1) 

9oP° ~ 9 1 qi =n neZ, (3.38) 

where supersymmetry fixes the number n to be ±1 [HI HO]- The non-BPS solutions, in general, 
do not satisfy the Dirac quantization condition, but they do satisfy, by construction, another 
relation. Let us for instance focus on the solution obtained by changing the sign of q±. It 
satisfies 

goP° + g l qi = -l. (3.39) 
The charges, in this case, written in function of the parameter are 

P° = ~ Q + 48(/V) 2 ) , (fi = -j - 48(/V) 2 ) • (3.40) 
With these values of charges, using the relation (I4.22p . we have: 

9oP° - 9 l qi = \~ 96GM) 2 = -2r 2 h - I . (3.41) 

It turns out that the value of r^, that determines the radial position of the horizon, enters in 
the quantization condition. Indeed, imposing the quantization condition by hand requires 

-\-1r\^TL. (3.42) 

Whenever satisfies this condition, we are able to build a tower of states of extremal black 
holes with more generic n integer. We recall that, in order to have proper black holes (finite 
nonzero area of the event horizon) the parameter has to be positive. 

In addition to it, this requirement sets some constraints on the charges in the configura- 
tion. In particular, in this example we have: 

g oP ° + g l qi = -l, (3.43) 

<7oP°-<7V = rc- (3.44) 

That gives 

2g oP ° = -l + n 2g 1 q 1 = -(l+n). (3.45) 
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This restricts the lattice of possible charges, and, in particular, only values of n = —m, 
m G N* \ {1} are allowed. Together, the quantization conditions (I3.45P fix the solution 
in terms of the electric-magnetic charges plus the quantization integer parameter m. The 
non-BPS black hole configuration of Sec. 13.21 can be expressed as 



2r - ^TT2^TYJ3 
/ 2r + 3 v /l + 2(m-l)/3 ' K ' ' 

The solution can be parametrized by this integer m. The warp factors of the metric ansatz 
( ED are 

= (r 2 - rlf , 

p 2U _ 2 v WF(r 2 -rj) 2 

e v 3/2 / \l/2 ' ) 



r-y/ri-(m- l)/3) (r + 3^ - (m - l)/3)' 



with r fe = £ . The entropy is 

_^ 3/2 f j ^ 1/2 

_ I Ti — 4 / r? — I m — ~\ \ /' 

2vWF 



e 2A{rh) = , \ = I 



-y/rl-(m-l)/3j (V, + 3^ - (m - l)/3 



3/2 / \ 1/2 



0— ( r h - y/ri-im-D/s) U + 3^ - ( m - l)/ 3 j (3.48) 



Notice that the entropy is given by an expression which is nothing but the entropy of the 
black hole in the corresponding ungauged Supergravity configuration, corrected by a factor 
that only depends on the quantization parameter m. We can write, more explicitely, 



e 2A(r h ) 



\/b |gi (y/2m - 1 - ^V2m + l) (V2m - 1 + y/3>/2m + 1^ ^ 

2( m -l)Vm 2 -l V V3 J \ > 

(3.49) 



3.3 Nonextremal generalization of the t 3 solution 

To find the nonextremal generalization we can follow the general procedure introduced in 
We choose the following ansatz for the function ip 

e ^ = r 2 f(r) = r 2 ^r 2 + c-^ + ^j , (3.50) 

and the warp factor 



13 



Furthermore, e 2A ^ = r 2 e~'' c . We keep the same form of the sections as in the BPS case, 
namely (I3.16p . 

This guess for the form of the nonextremal solution is then followed by brute-force solving 
the Einstein's equations of motion, namely (2.16-18) of [11]. It turns out that the equations 
of motion are satisfied if the parameters present in (13. 16[) assume the values § 

a = — a = — p = , (3.52) 

as in the BPS case, see (13.171) . Furthermore: 

c = 1 - 96f3 2 (g 1 ) 2 , (3.53) 

/i = 8P 9l + - $0- + , (3.54) 

Q = -48/?V) 2 - 768/3V) 4 + M V) 2 + • (3-55) 

For the moment we have left the charges p°, q\ unconstrained. The function e K assumes the 
form 

e K = 2^ggg 

(r + 4/3( ? 1 ) 3/2 (r- 12/3^) 1/2 
The functional dependence resembles the one of the BPS case. However, in the nonextremal 
solution the parameter (3 and the charges q\ and p° are not related to each other (they 
are three independent parameters). The singularities r a \ = —^fig 1 and r s2 = \2f3g 1 are 
the points in which e K blows up, and for a suitable range of parameters there is a horizon 
shielding them. 

If we want a deformation over the BPS state described in the previous section, we should 
impose one of the following relation between the charges 

9oP° ~ g\i = ±1 , (3.57) 

so that the state preserves asymptotically some supersymmetry. The parameters \i and Q 
then depend just on the q\ parameter, having eliminated the dependence on p° through 

(E3ZD. 

0=1- 48,3V) 2 - 768^/)* ± 2 9 '<(i + \(g l fql , (3.59) 

One can verify that the solution above has a finite nonzero area of the event horizon for a 
suitable choice of parameters. 



1 For consistency with the parametrization in and since j3\ is taken to be the nonextremality param- 
eter, we drop the subscript and from now on we simply intend j3 = /3i. 
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3.4 Product of the areas 



In this section we compute the product of the areas of the horizons for the new dyonic 
nonextremal solution we found in the previous section. It seems true in a lot of examples 
[HI [151 [16] , that for nonextremal black hole solutions the product between the areas of the 
inner and outer event horizons does not depend on the mass. In particular, such product 
depends just on the quantized electric and magnetic charges. This fact might be a hint for 
some underlying microscopic structure |13j . 

For AdS black holes the result holds if we take the product of the square of the four roots 
In the case of the nonextremal solution of Section 13.31 we have: 

4 4 4 

Y[ Area a = (4vr) 4 J] e 2A ^ = (4vr) 4 J] e~ K ^\ 2 a , (3.60) 

a=l a=l a=l 

where the function e 2A ^ is of the form 



e 2A (r) = const x ^(r-r^O^-r^) 3 , (3.61) 
with r Sj i/2 the location of the singularities. Following Section 6 of [IT], 

e 2U(r) = e K Li + c _ » + Q \ f_ , T 4 + cr 2 _ + Q S J_ TT (r _ ^ {3 62) 

\ / a =l 

The coefficient of lowest degree in r, namely Q, gives the value the product of all the roots 
r i r 2 r 3 r 4- We now first make the redefinition 

r' = r — r Sj i , (3.63) 

and we express the warp factor in terms of r'. In a similar way the coefficient of lowest 
degree in r', from now on denoted by k±, represents the product of all the r' roots: r^r^r^r'^. 
This coefficient turns of to be: 

«! = + crl, - + Q = (2g 1 q 1 /3) 2 , (3.64) 

where the values of c, \i and Q are given respectively in (I3.53p . f)3.54p and f)3.55p . Repeating 
the procedure for r S|2 gives k 2 = (2g p ) 2 , so that we have what we need to compute the 
area product. Using f)3.6ip and f )3.60p . we arrive at 

f[A a = (const) 4 (4vr) 4 v /^i = . (3.65) 

a=l 9o{9 ) 
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We see then that the result depends only on the black hole and gravitino charges. Further- 
more, if we impose the relations (I3.45P between the gravitino charges and the black hole 
charges, the product assumes this form: 

A „ , a 1 (m + l) 2 (m 2 - 1) , 



4 The F = ^iyO^Of model 



In this section we consider regular solutions of the model with prepotential F = — 2i^X°(X 1 ) 3 , 
in presence of gauging charges Q = (go, gi). These solution are purely magnetic, qo = Qi = 0. 
We will first describe the 1/4 BPS solution found by [8] and [10], we then discuss the non- 
BPS solution generated by the procedure explained in Section 12.21 Finally we review the 
nonextremal generalization of the magnetic solution, already found in [IT], and we com- 
ment on the product of the four areas. We explicit in Appendix O the equivalence of this 
configuration to the dyonic one presented in the previous section. 

4.1 The magnetic BPS configuration 

In this subsection we describe the general setting in presence of the prepotential F = 
-22 V /X°(X 1 ) 3 . The gauging charges are Q = (go,gi) while the black hole charges are 
Q = (jP^p 1 ). The symplectic sections are 

V=(L A ,M A ), (4.1) 

where 



L A = e K ' 2 ( ?°) , M A = e^ 2 ( "'V^ ) . (4.2) 



x J K-zi^/x 1 ^ 

The Kahler potential is 

K = -log{i(X A F A -F A X A )] = -log[X°X°(^+V^) 3 ] . (4.3) 

We consider a solution with real and positive scalar z = j^. The period matrix is purely 
imaginary 



A/ae = *Xae , X AS = o r , (4.4) 
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and the matrix M. is 

KA=( X x 

The scalar potential is then 



M=( 1 _ x ) . (4.5) 



2 



^ 3 

and the asymptotic value of the scalar field, for which the scalar potential is extremized, is 



^ = ,P. (4.7) 
V 9i 

This gives V(z 00 ,z 00 ) < 0, so that the solution asymptotes to (m)AdS4. 
4.1.1 1/4-BPS solution 

The 1/4 BPS purely magnetic (go = <?i =0) solutions found in [8] and [10] are described by 
these warp factors: 

Furthermore, the BPS solutions satisfy 



-2 ^2\2 



e 2U(r) = e K K> Jh) ^ e A(r) = ^ 



9AP A = ±1 • (4.9) 

From here we see that supersymmetry constrains the possible allowed value of the Dirac 
quantization relation, namely, as already mentioned, just the values n — ±1 of (II. II) are 
possible. 

For simplicity, let us focus on the branch of solutions that satisfy g\p A = — 1, the others 
can be treated in full similarity. The sections are harmonic functions and z is: 

X Q = a -\ , X 1 = a 1 -\ , z = -—— . (4.10) 

r r Ao 

The parameters appearing in (14.101) are constrained by the Killing spinor equations (we are 
dealing here with the solutions found in [10], where a, phase of the Killing spinor, is set to 
zero) to be 

<*o = —7—, Po = t— , «! = -—, r h =—(g 1 p 1 ) --. (4.11) 

4i?o 4o 45-1 3 2 

Furthermore, the value of p\ is fixed in terms of the magnetic charges. One can also eliminate 
p° thanks to P~9~|) . so that: 

yrnggg y/rrw (412) 

^ 8^i ' 2 v ; 
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Vice versa, the magnetic charges can be expressed in terms of f3\. 

p . = _!(i p . = _i('|_ «nW). (4.13) 



«o\8 3 / gi \8 

The warp factor assumes this form: 

2 V^OV - rlf 



e 2U 



/ \ 1/2 / \ 3/2 

^ + 1^1 + 4(^0/3] (3r- §^1 + 4(^0/3 



(4.14) 



o \ 1/2 / o \ 3/2 

- VI + 4(^0/3 J ( 3r fc - - >/l + 4(p^i)/3j 

(v/1 + 4^ + 3 + 4(p^0/3) V2 (3^/1 + 4^-3^1 + 4(^0/3 

(4.15) 

The solution represent a genuine black hole for a suitable choice of parameters g\ and p 1 . 
This choice corresponds to the requirement that the horizon shields the two singularities: 
these last are located at the points r S) i = — \\J\ + 4(p 1 g\) /3 and r s>2 = |\A + 4(p 1 gi)/3, 
namely the zeros of the function e 2A ^ . Extensive details of the solution and the range of 
existence of a genuine black hole can be found in |10j . 

4.2 Extremal non-BPS F = -2^y / X°(X 1 ) 3 solution 

We have seen that the BPS states can be modified to become non-BPS ones by means of 
the clever trick described in 12.21 In particular, an easy way to obtain a extremal non-BPS 
configuration is flipping the sign of one charge with respect to the BPS case. We start from 
ansatz for the metric and the form of the sections, that are the same as in the BPS case: 

e 2U(r) = ^- rl) 2 ^ eA{T) = re _K/2 ^ 

X = a + ^, Xl =a 1 + ^ z = ^, (4.17) 
r r A 

ao = -—, Po = — — , ai = -—, r h =—(g 1 p 1 ) --. 4.18 
4tfo £o 4^i 3 2 

At this point we perform the trick of flipping the sign of one charge, in particular we focus 
on the case in which the sign of p 1 is flipped. Then the relation (14. 9p . valid in the BPS case, 
turns into this condition: 

g oP ° - giP 1 = -1 . (4.19) 



The entropy is given by 
1 

1 / . \ 1/2 / n 3/2 
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Furthermore, the charges are written in terms of the other parameters as 

p0 = _l(i_ + W 1 f\ pl = + l(l_Wll) (4 . 20) 



9o \8 3 J gi \8 3 

Alternatively, we can write the other parameters in terms of p 1 

go 8gi 2 

The warp factor in this case turns out to be 



2v/^)V-ri) 2 



/ , \ 1/2 , x 3/2 

(r + |Vl-4(pV)/3j (3r- §^1-4(^0/3 
while the scalar profile is 



(4.22) 



2r- y/l-y^/3 

z = Zoo\ , === == ■ (4.23) 

' 2r + 3^/1 - 4pV/3 



The non-BPS solution looks qualitatively similar to the BPS one for what concerns the 
general behaviour of the warp factor and the location of the singularities. The configuration 
depends on the parameters g , gi and p 1 (or alternatively, /?i), like in the BPS case. 

4.2.1 Dirac quantization condition 

As mentioned before, the non-BPS solutions, in general, do not satisfy the Dirac quantiza- 
tion condition, but they do satisfy, by construction, another relation. Focusing on solution 
obtained by changing the sign of p 1 (described in the last section), the charges satisfy: 

9oP° - giP 1 = -1 • (4.24) 
As in section 13. 2. 1} we want to impose a Dirac quantization condition with generic n G Z: 

goP° + giP 1 = n . (4.25) 
The charges of the solution in this case already satisfy these relations: 

With these values, using ( I4.25[) we have: 

9A p A = 1 --f(g^) 2 = - 1 --2rl (4.27) 
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We can impose the quantization condition (13.381) by hand by requiring 

-2r 2 h eZ+ 1 -. (4.28) 

To have proper black holes (finite nonzero area of the event horizon) the parameter has to 
be positive: this restricts the possible values of n to be negative. Defining m = —n, we have 
then that only the values m G N*\{1} correspond to proper black holes. The constraints of 
the magnetic charges are as follows: 

9oP° - 91P 1 = -I , (4.29) 
9oP° + 9\P l = n = — m . (4.30) 

This gives 

2g p° = -l-m 2g 1 p 1 = l-m. (4.31) 

Note that the charges p° and p 1 are always negative; furthermore, the configuration with 
p 1 = is a naked singularity. The scalar field is of this form: 



J 2r + 3^3(2^+1)' { ] 



and the warp factor reduces to: 



— rm- ( 4 -33) 



. 2y/^)V-^ 

f . \ 1/2 / 

r + |v/(2m + l)/3j (3r - § y/(2m + 1)/3J 



The entropy, consequently, given that r h = ^ 2l T 1 is given by 



2 

1/2 / n 3/2 



_ (r h + l^(2m + l)/3) (3r h - | v /(2m + l)/3)" 



3 aA(r h ) = 2V?W A 75 I == Fg = (4-34) 

y'{m z — 1)(1 — m)^ 

/ , , \ 1/2 / \ 3/2 

o /o , (y/2m-l + v/3(2m+ 1) K/2m - 1 - ^(2™ + l)/3 

^ \m — l|y (m z — 1) 



Also in this case the prefactor ^p° (p 1 ) 3 is the same one we find in the area formula of the 
corresponding ungauged supergravity configuration with the same magnetic charges. 
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4.3 Nonextremal generalization of the magnetic configuration 

In this section we briefly recap the main features of the nonextremal generalization of the 
magnetic configurations previously described. Extensive details are provided in [TT]. Here, in 
order to have the most general solution we keep the charges p° and p l unconstrained, namely 
we do not impose the Dirac quantization condition. This general nonextremal solution 
appeared also in [12]. The nonextremal deformation is characterized by: 

e 2U(r) = & K (2 + c _ t + 9\ e A(r) = g-ZC/2,. (4 36) 

\ r r 2 J 

The form of the sections is unaltered with respect to the BPS case: 

X° = a + ^, X l = a 1 + P z = ^, (4.37) 
r r A u 

«o = ±^-, A) = -— , «i = ±^". ( 4 - 38 ) 
4#o 50 45-1 

The other parameters assume the form: 



^9 

yW) 2 , (4.39) 



" " 3^ ~27~ _ 1^" + ~W~ ' (4 ' 40) 

Q = 9 2 o(p ) 2 + ^(P 1 ) 3 - f « - f^\ 4 • (4.41) 

We verified that there exist suitable sets of parameters such that the solution found represents 
a genuine nonextremal black hole. The singularities are located at r Sj i = ±4<7i/3 and r s ^ = 
=F4(yf 1 /3/3, and represent the zeros of the function e . 

4.4 Product of the areas 

The product of the areas for the nonextremal solutions above was already given in [TT]. As 
mentioned before, once again we take the product over the four roots of the warp factor. 
The relevant quantities K\ and k 2 are: 

K 1 = (2g p ) 2 K 2 = (2g 1 p 1 ) 2 . (4.42) 

Finally the product of the four areas results in 

f[A a = (4vr) 4 27^§ . (4.43) 
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If we impose the requirement (I4.3ip . the product of the areas can be expressed as 

n^W ^+ff"'- 1 ) . (4.44) 

5 Mass of the black hole solutions 

We are now going to compute the mass of the various black hole solutions found in the 
previous sections^. In Appendix |B] is explained that the formalism developed in [TH] provides 
the mass (as quantity appearing in the superalgebra) for configurations that satisfy (I3.57p . 
such that the state asymptotically preserves some supersymmetry. When indeed (13.571) is 
satisfied, the mass of the dyonic nonextremal solution of Section [3] turns out to be: 

M _ (-3 + 2ff 1 (24/3Y t gi))(-3 + 4c 7 1 (48/j 2 A7 1 =F gi)) , %) 

For the magnetic nonextremal configurations of Section HJ instead, the mass is 

M _ ( ~ 9 + 241(8/^1 ± 3P 1 )) ( - 9 + 4^(16/^1 ± 3p 1 )) 

72V23V4 / 3(^ ) i/4 



and was already computed in )TT\. For all the nonextremal black hole solutions we found 
so far the mass computed with ( 15.11) ( 15.21) turns out to be positive. Furthermore, the mass 
is zero if computed on the BPS configuration, as it should be, since a supersymmetric state 
saturates the BPS bound M > [18] [19]. 

The mass computation for the configurations that do not satisfy 

i?AP A -i?V = ±l (5.3) 

represent instead a more challenging issue. In this case the mass formula ( 1B.6j) gives a 
divergent result. For instance, the non-BPS solutions of sections 13.21 and 14.21 fall in this 
category. 

For these states we can try and use the other formula given in [19], namely ( 1B.7j) . This 



formula gives the mass appearing in the superalgebra when we are dealing with solutions that 
asymptote to ordinary AdS4 spacetime, and in that case it coincides with the one obtained 
via holographic renormalization [22] • After suitable rescaling (details can be found in |19j ) 
it gives for the nonextremal configuration 

M 288/3V - 1024/3V = § W) 2 + ^(p 1 ) 2 Z1/A 

Mhol °- 108^233/^2 {909l) • (5 - 4) 
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Throughout the section we redefine f3\ = /3, also for the extremal case. 
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In the extremal BPS case this boils down to: 

BPS _ 128^ gf(g gf)^ 

M holo - 9 x 3 3/ V • W 

The result has the same dependence as the one found in [10] (the normalization is different). 
The mass formula for the dyonic solution can be inferred from this one by performing the 
symplectic rotation. Being quadratic in the charges, the holographic mass formula gives the 
same result for the non BPS extremal solution and for the BPS one. This formula, though, 
does not reproduce the BPS bound found in [18], since for the BPS configurations gives a 
value that in general is nonzero. 

Another comment here is in order: the divergent part of the mass formula (IB.6P result is 
proportional to g\p A — g A q\ ±1- If we subtract the mass result of two configurations with 
the same divergence we get in principle a finite quantity. We can then introduce a quantity 
M gap that turns out to be finite, given by 

M NON BPS _ M NON BPS _ M NON BPS fp- fi \ 

In this case the difference is taken between the nonextremal deformation over the non-BPS 
state and the non-BPS extremal black hole. One should take extreme care in interpreting 
such quantity, though. It is finite but it is extracted from quantities that are per se diver- 
gent. It can still suffer then from finite counterterms ambiguities. If we proceed with the 
computation, we find, for the nonextremal dyonic black holes satisfying gap + g x q\ = — 1 
(we have already imposed the quantization condition (15.31) ) 

M non bps _ f o 3U/4 -2304/3 4 (l + m) 4 + 144/3 2 m(l + mfg\ + (1 + m(-7 + 10m))g 4 
gap { l} 72>/5((l -m)(l + m) 7 ) 1 /4/3 g 3 

(5.7) 

The result for the magnetic configurations satisfying gop° — gip 1 = — 1 is: 

M non bps _ ~256/3 4 (l + mf + 144/3 2 m(l + m) V) 2 + 9(1 - 7m + lOm 2 )^) 4 

9ap " 1 1 ' ' 72 v / 2 3 1 /4(( m - 1)(1 + m) 7 ) 1 /4/3( p i)3 

(5.8) 

To sum up, both the options for computing the mass/mass gap of the not asymptotically- 
BPS black holes present some issues, in different ways. For these non-BPS configurations 
the definition of the mass requires a more careful and deep examination. It would be inter- 
esting to have a consistent framework for defining such quantities that does not rely on the 
supersymmetry of the solution, but at the same time reproduces the correct BPS bound. 
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A General choice for the Killing spinor projectors 
A.l First set of BPS equations 

In order to solve the equations of the gravitino and gaugino field, the SUSY parameters get 
constrained by two projection conditions. They have been written in [9] as 

7% = ie ia e AB e B , 

^e A = e ia S AB e B , (A.l) 

and give rise to the set of Supersymmetry first order equations studied there. This is not 
the most general choice of constraints, since a different phase between the two equations is 
also possible. We revise here what the allowed choices are, and how they are determined. 
They correspond to two sets of Killing spinors and BPS equations, that were presented in 
[TU] for a particular choice of 7-matrices convention. 

A. 2 Choice of the phase 

We work in the signature (— , +, +, +) and use the conventions 

£0123 = 1 75 = -«7o7i7273 l^A = e A l 5 e A = -e A , (A.2) 

where e A and e A are two Weyl spinors of opposite chirality . We take e a b c d'y cd — ^labl 5 , 
7 5 = Z7°7 1 7 2 7 3 . The identity matrix is built as 

5ab = (icT 2 ) A e BC (A.3) 

and satisfies 5 AB = 5 AB , while the antisymmetric tensor is e AB = — e BA = e AB . 
We define two projectors as 

7% = ie^e AB e B , 

y eA = e^5 AB e B ; (A.4) 



21 



compatibility of these two definitions requires that we also take 

^ e A = _ % e ~iV £ AB eB ) 7 1 £ A = e -i» 5 AB 6B (A _ 5) 

Moreover, the definition above has to be consistent with the properties of the two 7- 
matrices. In particular, consider the anticommutation {7°,7 1 } = 0. By looking at the 
action on the to-be-Killing spinors, namely 7°7 1 e y 4 and 7 1 7°e^ , we have that 

7° 7 1 e^ = -ie^5 AB e BC e c , 

y 7 % = te^e AB 5 BC e c , (A.6) 

which implies, for consistency, that 

rj- fi = kn , k eZ . (A. 7) 

This means that we can restric the form of the projectors in f)A.4[) to the choice of a single 
phase a, by setting rj = a + k7r, fi = a, and precisely 

7% = ±ie ta e AB e B , 

7 x e A = e ia 5 AB e B . (A.8) 
The two choices of ±1, in the equations above, give two BPS branches of SUSY equations. 

A. 3 Second BPS branch 

The "+" case was analyzed in [9], we will study the supersymmetry equation for the other 
case in the following. 

We show that the "— "choice can be absorbed in a "sign" redefinition of black hole charges, 
which thus correspond to Z — >■ —Z. 
Consider the projector conditions 

7% = -ie ia e AB e B , 

^e A = e ia 5 AB e B , (A.9) 

and the corresponding relations 

7 V = te~ ia e AB e B , 7 V = e~ ia 5 AB e B . (A. 10) 

We seek black holes solutions in a zero fermions background, thus we require Sip^ = 
and SX lA = 0. The SUSY variations for the gravitino and gaugino, in J\f = 2 £/(l)-gauged 
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SUGRA are 



8% a = D^a - e AB T~ Ye B +'-C 8 AB ^ r,^ e B , (A. 11) 

5X iA = -i d^z* 7 M e A + G~l 7"" e AB £b + ~^~C,b AB e B , (A. 12) 
where the covariant derivative is 

D^a = d^A - - ujflateA + % ~ A^a + (G , A M > 5 AC e CB e B , (A. 13) 
with being the Kahler transformations connection 

A,= l - (d^djK - <V diK) . (A.14) 

In order to write a covariant expression for the supersymmetry transformations, we intro- 
duced the vector 

A,= (jJJ (A.15) 

made by the electromagnetic potential and their duals [23]. We take the ansatz for the field 
strengths F^ v = 2d[^A^ as 

Ft = P" 1 )* 53 (ft Er p r - <fc) , (A.16) 

i^ = -~/sin0. (A.17) 
They appear in the SUSY variations via their ( ant i) self-dual combinations 



and dressed by the scalar fields 



T~ = 2zJ AS L s F M A - G~l = D l L v X TK F^. (A.19) 

The variation of the gravitino time-component gives the first order equation 8iptA = 0, 
which, for a time independent Killing spinor, corresponds to 

~le 2U U' 1 01 e A + 1 - Afg k 5 Ac e CB e B + l - e^Z^e AB e B - % - e u £ S ABl °e B = . (A.20) 
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Using the projection conditions flA.9j) this equation reduces to 

(-[/' - ie~ 2U Afg K + e u - 2 ^e~ ia Z - ie~ u e~ ia £)e A = , (A.21) 

the real and imaginary part of that gives the first order flow equation for the warp 
factor U and the constraint on the gauge fields as 

U' = e u - 2 ^Re{e- ia Z) + e- u lm{ e - ia C) , 
-e~ 2U (g , A t ) = -e u - 2 ^lm{e- ia Z) + e~ u Re(e- ia C). (A.22) 

The radial component 5ifj r = gives 

d r e A + % -A r e A - ^e u ^ 'Z^e AB e B + % -L 8 ABl x e~ u e B = 0. (A.23) 
and this reduces to 

d r e A -\{U'- iX) e A = 0, (A.24) 

where we introduced 

A = A r - [e u - 2 ^ lm(e- ia Z) - e~ u Re(e~ ia C)) . (A.25) 
This equation is readily solved by 



U i 



e A = e—^ Adr X Ai (A.26) 

for a spinor xa that is r independent and satisfies ^Xa = — i £abX E \ 1 X Xa = &abX B ■ 
Let us apply any of the projection conditions defined above to the Killing spinors whose 
radial dependence have been fixed as in (IA.26I) . We have, for instance, that 

J°Xa = ie< a+ ^ dr )e ABX B • (A.27) 
Since xa an d x A are constant in the r-coordinate, then 

« + (A.28) 
from which we derive the equation for the phase 

a' + A r = e u ~ 2 ^ lm(e- ia Z) - e~ u Re(e~ ia £) . (A.29) 

The angular part of the gravitino variation in the 9 direction gives 

d e e A + \ e^U' - i>')j 12 e A - \ e u ^ Zj s e AB e B + % - e~ u ^ £ 5 ABl \ B = 0. (A.30) 
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This is a little bit trickier, but we can easily see that 



e AB e B = 



d AB e = e 7 €4 , 
7 3 7 ° = j 7 2 T 1 7 5 , (A.31) 



and the equation becomes 



d e e A + \ e 4 ' [V -if- e u -^(e~ ta Z) - ie~ u {e~ ia C) ] j 12 e A = ; (A.32) 



we can also use the U flow equation, (1A.22I) . so this boils down to 

1 

2 



3 e e A = \e^ [rjf - 2e u \m{e~ ia C) + i (e u ~^ lm( e - ia Z) + e~ u Re(e" ia £))] 7 12 e A . 



(A.33) 

The radial dependence of the Killing spinor has been determined earlier by flA.26j) . 
This means that the quantity between square brackets, which has a radial dependence, 
is required to vanish. This yields the flow equation for ip 

if = 2e u Im(e- ia £) , (A.34) 

and the constraint 

e u - 2 ^ lm(e- ia Z) = -e~ u Re(e~ ia C) , (A.35) 
which defines the phase a as 

2 ia = *+ie_ L 

This also fixes the ansatz for the time component of the vector fields 

(g , A t ) = -2 e u Re{e~ ia C). (A.37) 
We finally get that the Killing spinors e A should not depend on 9: 

d e e A = 0. (A.38) 

A further constraint comes from the angular component of gravitino variation in the 9 
direction. With the redefined projector, the equation gets an extra "— " sign in front 
of the symplectic product of black hole and gauge charges, giving precisely 

d^A = ^ cos # 7 23 e A + l -(Q,Q) cos 9 ^ l e A , (A.39) 

and then a charge quantization condition of the form 

(G,Q) = 1. (A.40) 
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Given the constraints and equations obtained so far, the dilatino variation 5\ lA 
eventually gives the e flow equations for the scalar fields in the form 



z 1 ' = e ia 



f [e u - 2i ' DjZ - i e~ u DjC\ . (AAV 



By comparing this analysis of BPS equations with the one in [9], one can easily see that 
a black hole solution can be constructed by taking a 1/4-BPS one, and flipping the sign of 
the electric and magnetic charges. The new configuration does not satisfy the BPS equation 
derived from choice of "+" in (1A.9|) . but instead it satisfies the BPS equations wrt the choice 



of the "— " sign, so it is still a BPS solution of the Af = 2 U(l)-gauged theory 
A. 4 Comment on the independent BPS branches 

As we recalled earlier in the paper, flipping the sign of the black hole charges for a BPS 
solution in the ungauged theory would produce another equivalent supersymmetric solution, 
satisfying the same ungauged flow equations. This is due to the fact that the phase of the 
projector of the Killing spinor is defined up to a phase w, both in the ungauged and the 
guged case (see, for the latter case, eq. ( 1A.37j) ). 

In absence of gauging, if we flip the sign of Q, and thus of Z, the change of sign in the 
flow equations can be absorbed in the shift of a — > a ± ir. When Q ^ 0, the shift of the 
phase absorbs the flip of sign of both Q — > —Q and Q — > —Q simultaneously, so that the 
branches possibly generated by this operation are already taken into account, once we study 
configurations with unrestricted charges. 

However, if one only changes the sign of one vector of charges, Q or Q, a second set of 
BPS equation is produced, which is physically inequivalent to the previous one, given that 
the physical black hole and gravitino charges for the second branch have opposite orientation. 
In fact, the black hole charges are constrained, together with the gravitino charges, to satisfy 
the quantization condition (IA.40[) . and one sees that the sign of the rhs changes for the two 
branches. 

In conclusion, in order not to miss any supersymmetric configuration of the theory, one 
has to consider both sets of BPS equations, namely those generated by the (1A.4I) and f)A.9j) . 
each one with the corresponding quantization condition, 

(G , Q)l«*BPS = 1 , (G , Q)2 nd BPS = -1 > (A.42) 

and the relative physical assignment of black hole and gravitino charges. 
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B Mass formulas 



In this section we would like to collect and review the formulas at our disposal to compute 
the mass for the black hole configurations found so far. 

These mass formulas were found first in [18] and [19], where conserved quantities like the 
mass of the configuration were read off directly from the superalgebra. We can generalize 
these expressions found to mass formulas valid in case of both g\ and g A terms, due to the 
symplectic invariance of the supersymmetry variations. The generalization consist in: 

M = -L lim /dS tr (g'r + [2lm{L A q K - M A p A ) sm9e t e r 1 e e 2 et+ 

87r r^oo J y 2g z r J \ 

+ 2g\P a A L A - P K \ a M x \ele\ - {u?<&A + ^V e^)) ■ (B.l) 

This mass formula is valid for configurations whose charges satisfy 

g AP A - g A q A = -1 . (B.2) 

For the BPS (dyonic or magnetic) extremal black holes presented in sections 13. II and [4. II the 
mass turns out to be zero: 

M = 0. (B.3) 

This is a consequence of that fact that supersymmetric configuration saturate the bound 
M > [18]. However, for a generic non-supersymmetric configuration, like the non-BPS ones 
(sections 13.21 and 14. 2[) or the non-extremal ones (sections 13.31 and 14 . 3 j) . the mass formula in 
general does not give a finite result, the divergent part being proportional to (g\p A — g A q A +\). 
Just for the configurations with charges that satisfy g\p A — g A qA — — 1 the mass has a finite 
value. 

In addition to the BPS solutions satisfying ( IB. 2ft . we also have another branch of BPS 
solutions, corresponding to flipping all the sign of the charges. In this case the quantization 
condition is 

gAP A - g A QA = i • (B.4) 

For this solution the following mass formula should be used: 

M = -L lim /dS tr (g'r + ] ( - 2lm(L A q A - M A p A ) sin0e* e ;ege£+ 
Sir r^co J y 2g A r J \ 

+ 2g\P a K L A - P A l°M A |e^ - {ufe\e\e\ + u>?4%t%)) . (B.5) 

The minus sign in the first term in the integral is due to the different projections satisfied 
by the Killing spinor of the solution taken into consideration. Once computed with this 
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formula, the mass turns out to be zero for the BPS states. Again, just the configurations 
with charges satisfying (1B.4|) have a finite mass. 

To sum up, we are able to compute masses for black holes satisfying the Dirac quantization 
condition for integer numbers ±1. The outcome of the mass formula in this case corresponds 
to a finite conserved quantity. The formula for the two signs respectively is: 

M = -L lim <f dS tr (g'r + ( =F 2lm(L A q A - M A p A ) sin 9^e\e\^+ 

g7T r-s-cxD j \ 2g*r J \ 

+ 2g\P a K L A - P^M^elel - (ufe\e\e\ + <e*e^)) . (B.6) 

For completeness in this section we give also the mass formula for black holes that asymp- 
tote to ordinary AdS 4 . It looks different from the previous one: 

M = fim j> dS tr (e\ Q e\e e 2] + sin 0ef o e^ + 2gg'r\P A l L A - P a|A M A |ef e^ + 



- vWTl(u; e 12 e[ e^^ + ^e^) . (B.7) 

Further details about the superalgebras (and consequently, mass formulas) underlying solu- 
tions with different asymptotics can be found in [18] and [T9] . 



C Equivalent prepotentials for the t 3 model and match- 
ing of the solutions 

The i 3 -model, which parametrizes the coset SU(1, 1)/U(1), can be equivalently derived by 
two choices of the prepotential 



Cubic prepotential 



F(X) = ^ (C.l) 



Square-root prepotential 



F(X) = -2i^X°(X 1 ) 3 (C.2) 
The two parametrizations are equivalent. 
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Indeed, let us first take F as in (IC.ip . and identify the scalar field as ^ = — it ; we 
obtain the holomorphic sections 



V 



/ 1 \ 

-it 

-it 3 

V-3*v 



(C.3) 



The moduli space is defined by Ret < so, writing t = A + ia, this corresponds to the 
requirement A > 0. Axions are a = Imt, in this choice of parameterization. 

If we instead start from the superpotential of ( 1C.2|) and identify z — ^u, the holomorphic 
sections are 



V 



/ 1 \ 

z 

\-3i*/z 



(C.4) 



The two prepotentials being equivalent means that a real symplectic matrix S G Sp(4, '. 
exists, that rotates 



V = sv 



M = S T MS 



(C.5) 



up to a holomorphic coordinate transformation. 
It is easy to see that such matrix is 



S 



(10 





\ 








-1/3 





1 





\0 3 





o / 



(C.6) 



which requires the identification 

z = {tf = (A 2 



a 



2ia\ 



(C.7) 



If we now want to look at zero axions solutions, we have to set a = 0, that is Imt = 0, 
which corresponds to take t — A. This is consistent with the correspondence above if we 
take z = A 2 . Indeed, in the square-root prepotential model, the zero axion limit is obtained 
for Imz = 0, and for the scalar domain Rez > 0, which in (IC.7P selects z = A 2 , as required. 



In the light of this correspondence, one can easily see the mathcing between the solutions 
of sections 3 and 4. We show here the explicit rotation for the BPS case: the magnetic BPS 
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solution described in section 14.11 can be rotated into the dyonic BPS solution of section 13.11 
by means of the (inverse of the) symplectic rotation flC.6j) . 

Starting from the magnetic solution of the form (14. 8 j) (I4.10p whose parameters appearing 
in the sections are§: 

1 a 9iP 3 y/1 + 4g 1 p 1 

«o = -j— , Po = , "1 = 1—, r h = . (C.8) 

4#o go 2 

we perform the inverse symplectic transformation The transformation acts on the 

gauging charges and one the electric/magnetic charges. The rotated quantities (denoted 
with ') are: 

g 0f = g , g l ' = \gi, g' = go, g[ = -3g\ (C.9) 

and 

p°' = p°, p'^pu q' = %i & = (cio) 

The parameters (1C.8I) become exactly the ones describing the dyonic solution, (I3.17p . Fur- 
thermore, the quantization relation between the charges #aP A = — 1, when transformed, gives 
exactly: 

pV - <Ai = -i , (cii) 

that matches with the condition (I3.18p . Furthermore, the magnetic charges are transformed 
in 

P° = ~(\ + 48 (^ 1 ') 2 ) ix = -V = ^7 (I - 48(^ 1 ?) , (C.12) 

that are the only electric and magnetic charges present in the dyonic configuration. Their 
values match with the parameterization given in (I3.24p . 

The procedure can then be straightforwardly applied also to the non-BPS and to the 
nonextremal solution, and one can check that also in those cases the matching of the solutions 
is exact. 
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